Nakamura's model is widely used to describe lateral vibrations of a footbridge induced by crowd. The predicted responses of Nakamura's model were compared with measured data of T-bridge and M-bridge in Japan to demonstrate the validity. However, the predicted responses based on Nakamura's model almost always were stronger than measured data. Considering that both T-bridge and M-bridge are cable-stayed bridges, it seems to be not precise enough to simplify a cable-stayed bridge as a single degree of freedom system in Nakamura's model. In this paper, we establish a two-degrees-of-freedom model to describe lateral vibrations of a cable-stayed bridge. The cables have one degree, and the bridge deck has the other. Additionally, in this model we introduce a time delay in interaction between the bridge and pedestrians. By employing the center manifold theory, we find that a subcritical Hopf bifurcation occurs in the two-degrees-of-freedom model. We theoretically and numerically illustrate that the cables and time delay have significant influence on the lateral vibration amplitude of a footbridge under crowd. The appropriate increases of tension in the cables and time delay both can decrease the lateral vibration amplitude. The analysis for the proposed two-degrees-of-freedom model shows that the predicted responses of Nakamura's model can better agree with the measured date if we take the influence of cables and time delay into account.
Introduction
Excessive lateral vibrations of footbridges induced by pedestrians have attracted attention from all over the world in the last decade. The London Millennium Bridge is the most famous footbridge closed on 13 June 2000 due to its huge lateral vibration amplitude [1] . It took 20 months to suppress the excessive vibrations by using Taylor dampers and tuned mass dampers [2] . Nowadays, we have known that excessive lateral vibrations almost occur in all kind of footbridges, such as arch bridges, truss bridges, cable-stayed bridges, and suspension bridges [3] [4] [5] . There are two key points in dealing with the problem of excessive vibrations in footbridges induced by pedestrians. One is how to describe the lateral dynamics of pedestrians walking on a bridge. The lateral component of the force is about 4 − 5% of the body weight for men and little for women when a pedestrian walks on a stationary surface [6] . Experiments and measurements [7, 8] showed that the peak value of lateral force induced by a pedestrian increases with the walking speed, that is, the step frequency. Matsumoto et al. [8] and Bachmann [9] suggested that the lateral force induced by a pedestrian walking on a stationary surface can be approximately expressed by using a cosine function with constant amplitude. However, the problem becomes complex if a pedestrian walks on a moving surface. It was found that the step frequency of a pedestrian is effected by the driving frequency of the moving surface in a large range of frequencies [10, 11] . Piccardo and Tubino [12] considered that the lateral force induced by pedestrians under such condition can be expressed by using a cosine function, the amplitude of which depends on the lateral displacement of the moving surface when the lateral amplitude of the moving surface is large. Other researchers argued that the lateral force should refer to the velocity of the moving surface [1, 5] .
The other point of interest in excessive lateral vibrations of footbridges is how a footbridge increases its lateral amplitude from small to large under crowd. Fujino et al. [3] considered one possible reason is that the lateral frequency of external 2 Mathematical Problems in Engineering force induced by pedestrians is very close to that of the bridge, which is called "direct resonance." Another possible reason is "internal resonance," which results from structural nonlinearities of the bridge [4] . If the frequency of lateral mode of the bridge is half that of its vertical mode and the external force applied on the vertical mode satisfies the direct resonance condition, excessive lateral vibrations of the bridge occur due to vertical loads. Except for the two kinds of mechanisms, dynamic interaction mechanism was investigated to understand how the footbridge and pedestrians interact with one another. Based on the experimental tests of the London Millennium Bridge, Dallard et al. [1] proposed that the bridge can be simplified as a single degree of freedom system and the lateral force induced by pedestrians is proportional to the velocity of the bridge. In Dallard's model the influence of the pedestrians is viewed as a velocity feedback, which infinitely increases the bridge response. Roberts [13, 14] assumed that the interactive force between footbridge and pedestrians varies harmonically about 1 Hz. The worst case occurs when the pedestrians synchronize with the bridge in the lateral direction. The critical condition of synchronization is that the lateral displacement of the pedestrians is greater than that of the bridge. Nakamura et al. [5] also considered that the lateral force induced by pedestrians is relevant to the lateral velocity of a bridge. Different from Dallard's model, Nakamura et al. allowed schematization of the self-limiting nature of the synchronization phenomenon by considering that the pedestrians will reduce walking speed or stop walking when the lateral amplitude of the bridge is sufficiently large. In fact, the problem of pedestrian-footbridge interaction is so complex that the mechanism still is not very clear.
In practical engineering, Dallard's model and Nakamura's model are very useful. They intended to establish a practical method instead of a pure mathematical method. Strogatz et al. [15] gave a more mathematically accurate model than that of Dallard and Nakamura by containing harmonic terms in the loading function. However, it is not easy to use during application due to the hypothetical equation. According to Dallard's model, a footbridge infinitely increases its lateral amplitude under pedestrians, which is not in accordance with observations. Nakamura's model is more rational since the calculated response of a footbridge always is finite. Nevertheless, the lateral responses predicted numerically by using Nakamura's model are almost stronger than the measured data [16] . Zhen et al. [17] considered that there is a time delay when the external force induced by pedestrians applies on the bridge. By introducing such assumption in Nakamura's model, the predicted results can better agree with the measured data. In addition, T-bridge and M-bridge measured in [16] are cable-stayed bridges, which were regarded as a single degree of freedom system in Nakamura's model. On an intuitive level, it needs at least two degrees of freedom to describe the dynamics of cable-stayed bridges. The bridge deck has one, and the cables the other. In this paper, we intend to analyze the possible reason why Nakamura's model always predicts stronger amplitudes than the measured data. A footbridge considered here is simplified as a two-degreesof-freedom system, and the expression of the interactive force induced by pedestrians adopts the tanh function containing a discrete time delay suggested by Zhen et al. [17] . Excessive lateral vibrations of a footbridge correspond to the bifurcating cycle due to a Hopf bifurcation in the two-degrees-offreedom model. We will employ center manifold theory to analyze the critical conditions of Hopf bifurcation in the two-degrees-of-freedom model and then derive the analytical expression of bifurcating limit cycle. From the two-degreesof-freedom model, we will discuss the influence of cables and time delay on the lateral amplitude of a footbridge induced by pedestrians. We find that the existence of cables and time delay decreases the lateral amplitude of a footbridge under some conditions. The rest of the paper is organized as follows: a twodegrees-of-freedom model describing dynamical behavior of a footbridge induced by pedestrians is established in Section 2. The characteristic roots of the two-degrees-offreedom system are discussed to derive the Hopf bifurcation conditions in Section 3. The center manifold theory is employed in Section 4 to investigate the stability of bifurcating cycle. The approximate amplitude of the bifurcating periodic solution is given in Section 5. Numerical simulations are provided to demonstrate the correctness of theoretical analysis in Section 6. Conclusions are drawn in Section 7.
The Two-Degrees-of-Freedom Model
Consider the two-degrees-of-freedom system presented in Figure 1 , in which 1 and 2 represent concentrated masses of cables and bridge deck, respectively. The cables have a length 2 , stiffness , tension 0 , and damping coefficient 1 . The stiffness and damping coefficient of the bridge deck separately are and 2 . The displacements of the cables and bridge deck are denoted by 1 and 2 , respectively. Then the velocities and accelerations of the cables and bridge deck can be written aṡ1 ,2 and̈1 ,2 , respectively. is the lateral force induced by pedestrians, which has the following expression [5, 17] :
where 1 is the ratio of lateral force to pedestrians' weight; 2 is the percentage of pedestrians who synchronize to bridge vibration; 3 is the saturation rate of the pedestrian-induced force; is modal self-weight of pedestrians; ( ) is a function describing how pedestrians synchronize with the natural frequency of a bridge; is the time delay of interactive force between the bridge and pedestrians. According to Lagrange method, the governing equation of the TDOF system can be established
where
Obviously, 1,2 > 0, 1,2 > 0, and 1,2 > 0. In addition, we assume that 2 > 2 .
Characteristic Roots Analysis for System (2)
By letting (2) can be rewritten aṡ
The origin (0, 0, 0, 0) is the unique equilibrium of system (4). The characteristic equation of system (4) near the origin is given by
3.1. The Case of = 0. We first consider the case of = 0. Under such case, (5) becomes
where = 3 − 2 . Since we focus on the excessive vibrations, we need to consider the instable case of the origin in system (4). Obviously, = 0 is not a root of (7). It is easy to verify that (7) just has a pair of imaginary roots = ± √ 2 when = 0. Regarding as a function of in (7) and taking the derivative of with respect to , we have
Substituting = ± √ 2 and = 0 into (8) yields
It means that a pair of imaginary roots cross the imaginary axis from left to right when increases from < 0 to > 0. Excessive lateral vibrations correspond to the instability of the origin in (4); then in the following analysis we limit our discussion in the case of > 0.
The Case of > 0.
We have proven that the origin of system (4) is unstable when > 0 and = 0 in previous section. Next, we consider the characteristic roots of system (4) in the case of > 0 and > 0. We substitute = ( > 0) into (5), and separate the real and imaginary parts
Eliminating from (10) and denoting = 2 , we have
According to the physical meanings, it is easy to check that 1 < 0, 2 > 0, 3 < 0, and 4 > 0. Taking derivative with respect to in (11), we have
Obviously, ( ) < 0 for < 0. Considering (0) = 4 > 0 and (−∞) → +∞, (11) has no negative root. If (11) has real roots, they must be positive. According to Descartes rule, (11) has a minimum of zero and maximum of 4 positive real roots, and the number of positive roots to (11) always is even. Assume that = 2 0 is one positive real root. From (10) we have
If 2 > 3 , then cos( 0 ) > 1, which is impossible. If 2 ≤ 3 , it is possible that the stability of the origin of system (4) depends on the size of time delay . From (14) , the critical value of time delay changing the stability of the origin is given by
In order to determine the crossing direction of the pure imaginary roots ± 0 , we regard as a function of in (5) and take derivative with respect to
The crossing direction depends on the sign of real part of
Next, we separately discuss the two cases of = + and = − .
Under such condition, the sign of real part of ( + ), = 0, 1, 2, ⋅ ⋅ ⋅ , depends on the sign of the following polynomial:
Under such condition, the sign of real part of ( − ), = 0, 1, 2, ⋅ ⋅ ⋅ , depends on the sign of the following polynomial:
Obviously, 1 ( 0 ) = − 2 (− 0 ) holds for any 0 > 0. If 1 ( 0 ) ̸ = 0, the two signs of 1,2 ( 0 ) always are opposite. We denote the real part of
the origin of system (4) always is unstable if = 3 − 2 > 0. From (19) , Re{ ( + )} > 0 holds only when 1 ( 0 ) < 0. If
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Considering the practical engineering, we focus on the first stability change of the origin in system (4). Under condition (23), the stability of origin in system (4) changes when crosses = + 0 . In conclusion, if = 3 − 2 > 0 and = 0 system (4) has an unstable origin, which means that the lateral vibrations of the footbridge presented in Figure 1 
Center Manifold Reduction for System (4)
For convenience, by letting = ( )/ 3 , = 1, 2, 3, 4, = + 0 + , is a real small fluctuation and system (4) can be rewritten aṡ
Linearizing system (24) around its origin yieldṡ 
By the Riesz representation theorem, there exists a matrix whose components are bounded variation functions ( , )
In fact, if ( , ) = 1 ( ) + 2 ( + 1) is chosen, where ( ) is the Dirac function, then (27) is satisfied. For
For ∈ (
Further defined is
Thus, (24) can be transformed into the following functional differential equation:
where is the transpose of the matrix . For
where = ( , 0) and then ( ) and * are adjoint operators. By the preceding discussions, ± 0 + 0 are the eigenvalues of (0) and therefore also the eigenvalues of * . Suppose that ( ) and * ( ) are the eigenvectors of (0) and * , respectively, corresponding to the eigenvalues 0 
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By a direct calculation
Let < * , >= 1
It is easy to check that < * , >= 0. Following the algorithms given by Hassard et al. [18] , let
is a solution of (24) with = 0. Theṅ( 
( , , ) also can be written as
In fact, and are local coordinates of the center manifold in the direction of and * , respectively. Rewrite (39) aṡ( 
Substituting (32) and (39) intȯ=̇−̇−̇yieldṡ
Lettinġ= + ( , , ), where
and taking the derivative with respect with on both sides, one haṡ=̇+̇=
Substituting ( 
According to (43),
where ( ) = ( 1 ( ), 2 ( ), 3 ( ), 4 ( )) = ( , , ) + ( ) + ( ) and then 
where is defined in ( 
Then
It is easy to check that Re{ 1 (0)} < 0. Recalling (23), therefore 2 < 0 and 2 < 0 hold in system (4). According to [19] , the Hopf bifurcation is subcritical and the bifurcated periodic solution is stable. From the analysis in the this and the last sections, we find that if = 0 and = 3 − 2 > 0, the footbridge has lateral vibrations; if 1 > 0 ( 1 > 0 is defined in (19) ), when the time delay increases to cross = (4) is stable and the amplitude of the periodic solution is zero.
The Approximate Amplitude of Periodic Solution in System (4)
From the analysis above ( (42) From (16), we can calculate the expression of Δ (0)
where 
where , = 1, 2, . . . , 7, and are defined in (5) and (20), respectively. Substituting = into Eq. (54), yieldṡ 
Re{ } and Im{ } represent real and imaginary parts, respectively. Periodic solution of system (4) occurs only wheṅ= 0 in (58). The amplitude of the periodic solution can be obtained by letting the right side of the first equation in (58) be equal to zero It is easy to check that 1 ( 0 ) > 0, which is defined in (19) . Therefore, (2) decreases. When the time delay varies in the region of (0.1699, 0.8862), the amplitude reduces to zero. Once the time delay exceeds 0.8862, the amplitude begins to be not zero again. The bifurcating diagrams are presented in Figure 2 .
We consider that increases from 0.03 to 0.15, and the initial conditions are taken as 1 (0) = 0.2,̇1(0) = 0 and 2 (0) = 0.01,̇2(0) = 0. The influence of the time delay on the amplitude of periodic solution in system (2) is depicted in Figure 3 Figure 6 , which indicates the theoretical analysis results have enough precision in the amplitude calculation of periodic solutions in system (2) . From the numerical simulations, it is clear that the increase of time delay always reduces the amplitude of vibrations of the bridge in the region of (0, + 0 ). Finally, we discuss the influence of cables on the amplitude of the bridge according to (60). It is easy to verify that the expression /(2 3 ) does not appear in (60). All bridge parameters used in the numerical simulations in this section are fixed except for 0 . Figure 7 shows how the parameter 0 affects the amplitude of the bridge for different values of . In Figure 7 . It is apparent that the amplitude decreases with 0 increasing. The decay of the amplitude is quick when 0 is not very large and stops when 0 is large enough. This means that the existence of cables reduces the amplitude of a footbridge.
Conclusions
Excessive lateral vibrations of footbridges induced by pedestrians have been investigated from many perspectives. Nakamura's model is a famous model describing the interactive dynamics between footbridge and pedestrians. According to Nakamura's method, predicted responses are easily compared with measured results. Nevertheless, the predicted amplitudes for T-bridge and M-bridge in Japan derived by using Nakamura's model usually were larger than the measurements. In fact, T-and M-bridges are cable-stayed bridges, which are not appropriate to be simplified as a single degree of freedom system. It is more reasonable to use at least two degrees of freedom to describe the dynamical behavior of a cable-stayed bridge. The cables have one, and the bridge deck has the other. In order to find the cause why the predicted results of Nakamura's model are larger than the measure data, we in this paper establish a twodegrees-of-freedom model to analyze the dynamics of a cable-stayed footbridge induced by pedestrians. We still use Nakamura's force model to describe the lateral force induced by pedestrians. In addition, we consider a time delay in the interaction between the footbridge and the pedestrians. Excessive lateral vibrations correspond to a Hopf bifurcation in the two-degrees-of-freedom model. Then we first discuss the occurrence conditions of the Hopf bifurcation based on the characteristic roots analysis. Then we employ the center manifold theory to determine the direction of the Hopf bifurcation and the amplitude of the bifurcating limit cycle. Numerical simulations are carried out to demonstrate the correctness of the theoretical analysis.
According to analysis for the two-degrees-of-freedom model presented in this paper, we find that the cables and the time delay in interaction between footbridge and pedestrians have significant effects on the amplitude of bridge deck. The material parameters of cables do not affect the lateral vibration amplitude of the footbridge. But the increase of the tension in cables can distinctly reduce the amplitude of the footbridge when the tension is not very large. If the tension is large enough, the change of tension almost has no influence on the amplitude. The time delay is another key factor affecting the amplitude of the footbridge. The time delay can induce a subcritical Hopf bifurcation in the twodegrees-of-freedom model. With the time delay increasing between 0 and the critical time delay causing the subcritical Hopf bifurcation, the amplitude of the footbridge keeps decreasing. Therefore, we draw the conclusion that if we consider the influence of cables and time delay in interaction in Nakamura's model, its predicted responses can better agree with the measured data.
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